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If A is a ring with identity and G is the group of units of A, then G acts naturally on the additive 
group A+ of A by left multiplication (the regular action) and by conjugation (the conjugate 
action). If X is the set of nonzero, nonunits of A, then X is invariant under both actions. It is 
shown that if A is a compact ring with identity and X is the union of finitely many orbits by the 
regular action or the conjugate action, then A is finite. Moreover, a characterization of those 
compact rings with identity for which either action is transitive on X is given. 
In a compact ring A with identity, the structure of A is reflected by that of the group of units 
of A. It is shown that if 2 is a unit in A, then A is finite if and only if G is finite and A is commuta- 
tive if and only if G is abelian. Moreover, if the conjugate action on X is trivial, then A is a com- 
mutative ring. 
1. Introduction 
Let A be a ring with identity, let G be the group of units of A and let X denote 
the set of nonzero, nonunits in A. We consider two natural group actions on A’, 
the additive group of A, by G. We call the action, (g, a) + g. a from G x A to A, 
the regular action and the action, (g, a) -+ gag-‘, the conjugate action. It is easy to 
see that X is invariant under both actions. 
In Section 2, we prove that if A is a compact ring with identity such that X is the 
union of finitely many orbits under the regular action or the conjugate action, then 
A is a finite ring. Furthermore, the regular action is transitive on X if and only if 
A is a finite local ring such that its Jacobson radical J is square zero and J is a one- 
dimensional vector space over A/J. It is also shown that the conjugate action of G 
on X is transitive if and only if A is a finite field, A is isomorphic to 2, or to 
Z,[x]/(x2) or A is a finite local ring such that J2 =(O), J is a one-dimensional vec- 
tor space over A/Jand for geG\(l+J) and XEX, gxfxg. 
In a compact ring A with identity, the structure of A is reflected by that of the 
group of units of A. In Section 3, we prove that if A is a compact ring with identity 
and G is finite, then char A ~0. Furthermore, if char A is odd, then G is finite if 
and only if A is finite. In particular, if A is a compact ring with identity such that 
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2 is a unit in A, then G is finite if and only if A is finite. We show as well that if 
2 is a unit in a compact ring A with identity, then G is abelian if and only if A is 
a commutative ring. Finally, in Section 4, we prove that if A is a compact ring with 
identity, then A is a commutative ring if every orbit in X by the conjugate action 
is trivial, that is, if gxg-’ =x for all g E G, x in X. 
Throughout this paper, unless stated otherwise, A is a ring with identity, G is the 
group of units of A and X is the set of nonzero, nonunits in A. 
2. Regular and conjugate actions in a compact ring 
We begin with some definitions. 
A ring A is a local ring provided that the set of nonunits in A is an ideal of A, 
that is, XU {0} is an ideal of A. In particular, if A is a local ring, then XU {0} is 
the unique maximal (right, left or two-sided) ideal of A. 
If A is a ring, let J(A) denote the Jacobson radical of A. In case the ring involved 
is understood, we write J in place of J(A). 
A ring A is a topological ring if A is a topological space and the mappings 
(x, y) + x-y and (x, y) - xy are continuous mappings from A XA to A. We will 
assume that each compact or locally compact topological ring is Hausdorff. 
If A is a topological ring, then A is left bounded if, given any neighborhood fJ 
of zero, there exists a neighborhood I/ of zero such that A V c Cr. The definition of 
right bounded is analogous. A is bounded if A is both right and left bounded. Each 
compact ring is bounded [7, p. 1611 but a bounded ring is not necessarily compact. 
Indeed, if p is a prime, then the ring of integers equipped with the p-adic topology 
is a bounded ring that is not compact. 
Lemma 2.1. If A is a compact ring with identity and G is the group of units in A, 
then G is a compact topological group. 
Proof. By [l, Exercise 12h, p. 1191, G is a closed subset of A and hence is compact. 
By [2, Theorem], the mapping g+g -’ is continuous on G. Therefore G is a topo- 
logical group. 0 
Corollary. If A is a compact ring with identity, then XU (0) is an open subset of 
A where X is the set of nonzero, nonunits in A. g 
If f: G xX+ X is a group action on X, for each x in X we define the orbit O(x) 
of x by O(x) = {f(g,x): g E G}. If there exists an x in X such that O(x) =X, we say 
that the group action is transitive. For each x in X, we define the stabilizer of x by 
Stab(x)={gEG: f(g,x)=x}. 
Theorem 2.2. Let A be a compact ring with identity, let G be the group of units 
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in A and let X be the set of nontero, nonunits in A. Suppose f : G x A j A is a con- 
tinuous group action. If X is invariant under f and X is the union of finitely many 
orbits of X, then A is a finite ring. 
Proof. If X= 0, then A is a bounded division ring and hence discrete [7, Theorem 
lo]. Thus A is finite. So we assume Xf0. As G is compact and f is continuous, 
for each x in X, O(x) is a closed subset of A. Hence X is a closed subset of A and 
so G U (0) is an open subset of A. But X U (0) is open as well and thus (0) is an 
open set. Therefore A is a discrete compact space. Consequently, A is a finite 
ring. 0 
Corollary. If A is a compact ring with identity and X is a finite union of orbits 
under the regular action or the conjugate action, then A is a finite ring. 
Proof. As A is a topological ring, the mapping (g, x) + gx is continuous from G x A 
to A. Moreover, by Lemma 2.1, g -‘g-l is continuous from G to G. Hence the 
mapping (g,x) + gxg-’ from G x A to A is continuous as well. The corollary then 
follows from Theorem 2.2. 3 
Theorem 2.3. Let A be a locally compact, bounded ring with identity such that X 
is a finite union of orbits determined by the conjugate action. Then A is discrete. 
Proof. Once again, if X=0, then A is discrete. Suppose X#0. As A is both left 
and right bounded, for each neighborhood fJ of zero, there exists a neighborhood 
V of zero such that AI/A c U. 
Case 1. There exists a compact neighborhood U of zero and a neighborhood V 
of zero such that AVA c U and Vn G#0. 
Then A = AVA c U c A. Hence A is compact. Therefore by the preceding corol- 
lary, A is discrete. 
Case 2. For all compact neighborhoods U of zero and for all neighborhoods V 
of zero such that AI/A L U, Vn G = 0. 
Let x1,x2, .. . . x,6X be such that X=O(x,)UO(x2)U . ..UO(x.,). Suppose A is 
not discrete. Let U’ be any neighborhood of zero, let U be a compact neighborhood 
of zero contained in U’ and let V be a neighborhood of zero such that AVA c CT. 
As I/C XU (0) and A is not discrete, there exists an x in Vrl X. Now, x=gx;g-’ for 
some gEG, ie[l,n]. Hence xj=g~‘xgEAVA~U~U’. Thus OE{X,,X~,...,X,}= 
Ix,,xz, ...? x,}, a contradiction. 3 
Theorem 2.4. Let A be a ring with identity such that X+ 0. Then G acts transitively 
on X by the regular action if and only if A is a local ring, J2 = (0) and J is a one- 
dimensional eft vector space over A/J. 
Proof. Assume that G acts transitively on X by the regular action. Then there exists 
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x in X such that Gx=X. Note that for g, and g, in G, g,xg*xEXU (0). Now, let 
x1,x2 E X. Let g,, g2 E G be such that x, = g,x for i = 1,2. Then x, +x2 = (gi + g,)x. If 
g,+gZ~G,thenx,+x,~X.Ifg,+g2~X,letgj~Gbesuchthatg,+g,=g,x.Then 
x1 t x2 = g,x’ E XU {O). Hence X U (0) is closed under addition. By the above ob- 
servation, AXandXA are subsets of XU {O}. Thus XU (0) is an ideal of A, that is, 
A is a local ring. Observe that x2 = 0. Indeed, if x2 #to, then x2 E X and so there 
exists g in G with x2 =gx. Consequently, (x-g)x=O. But x-go G as A is a local 
ring and hence x= 0, a contradiction. Thus J \ {O} =X = Gx where x2 = 0. 
We next show that J2 = (0). Let a E J. If a#O, then a = gx for some g E G. Con- 
sequently, ax = gx’ = 0. Thus Jx = (0). Since J is an ideal of A, JGx c Jx = (0). Thus 
J’= (0). 
We finally note that if SEA, then LI is a unit in A if and only if .u+J is a unit 
in A/J. Since A/J is a division ring, J is therefore a one-dimensional left vector 
space over A/J. 
The converse is obvious. Li 
Corollary. Let A be a compact ring with identity such that X+0. Then G acts 
transitively on X by the regular action if and only if A is a finite local ring such that 
J’= (0) and J is a one-dimensionai vector spuce over A/J. 
Proof. The corollary follows from Theorem 2.4 and the corollary to Theorem 
2.2. 0 
Theorem 2.5. Let A be a ring with identity such that the characteristic of A is p and 
1 A j = p2 for some prime p. Then A is commutative and A is isomorphic to Z,, x ZP, 
Z,,[x]/(x’) or GF(pZ) where GF(p’) is a finite field having p2 elements. 
Proof. By [9, Theorem 131, as A has an identity, A is commutative. If J= (0), then 
A is isomorphic to ZP x ZP or to GF(p*) by [6, Theorem, p. 203; and 5, Theorem, 
p. 4311. If J#(O), then IJI =p and so A is a local ring. Moreover, J’=(O) by 
Nakayama’s Lemma [6, Theorem, p. 4121. Since char A =p, A/J= {J, 1, + J, . . . , 
(p- 1). 1, + J} where 1, is the identity of A. Let x0 E J \ {O}. By the above, 
Ax,= {0,x0,2. 1,x0, . . . . (p-l). 1,x0} = J. So if XEA, then there exist unique 
integers 171 and n such that 0~ m, n <p - 1 and x= m. l<4 + n. l,,xe. Define 
@: Z,,[x]/(x’)-iA by, @(a+bx+(x2))=a. l,,+b+ 1,x,, where for aEZ, a is the 
residue class of a modulo p. It is easy to verify that I$ is an isomorphism from 
Z,,[x]/(x’) onto A. Cl 
Corollary. Let A be a compact ring with identity such that X#0 and the regular 
action on X by G is transitive. If IA/J] =p for some primep, then A is isomorphic 
to Zr,[x]/(x2) or to Z,,L. 
Proof. By the corollary to Theorem 2.4, A is a finite local ring such that (A/./( = 
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lJ(. Hence IAl =p2. If char A =p, then A is isomorphic to Z,[x]/(x*) by Theorem 
2.5. Otherwise, A is isomorphic to Zpz. 0 
Theorem 2.6. Let A be a compact ring with identity such that X#0. If the con- 
jugate action on X by G is transitive, then A is a finite local ring such that J2 = (0) 
and J is a one-dimensional vector space over A/J. 
Proof. By the corollary to Theorem 2.2, A is a finite ring. By [8, Proposition 1.31, 
every element of X is a left and right zero divisor and AX, XA c XU (0). Let x’ and 
y’ be elements of X such that x/y’= 0. As 0(x’) =X, there exists g E G with y’= 
gx’g-‘. Then 0 = x’y’=x’gx’g-’ and hence (gx’)(gx’) = 0. Denote gx’ by x0. Then 
X~EX and xi =O. Now if a is any element of X, then there exists go in G with 
a = g,x,g;‘. So a2 = g,xig,’ = 0. Consequently for any a and b in X, (a+ b)4 = 0. 
So XU (0) is closed under addition. Thus A is a local ring and J= XU {O}. 
To show that J*= (0), let x and y be arbitrary elements of J. Then there exist 
g,,g,EG such that x=g,x,g;] and y=g,x,g;‘. If xy#O, then x,g;‘g,x,#O. 
Hence (g;‘gzxo)(g;‘g2xo) #O, a contradiction. Thus J2 = (0). 
Since A/J is a finite field [7, Theorem 16; 5, Theorem, p. 431; and 6, Theorem, 
p.1711, thereexistsginGsuchthatA/J={J,l+J,g+J,...,g”+J} wherek+l is 
the order of g-t J in the multiplicative group of A/J. Observe that J= {0,x,, 
gxog”, g*xog 
k-1 , . . . , gkxog] and jJ1 = lA/Jl. Therefore, J is a one-dimensional 
vector space over A/J. 0 
Corollary. If A is a compact ring with identity such that Xf0 and the conjugate 
action on X by G is transitive, then the regular action on X by G is transitive. 
Proof. This is an immediate consequence of Theorems 2.4 and 2.6. 0 
Theorem 2.1. Let A be a ring with identity. The following are equivalent: 
(i) A is a compact ring such that the conjugate action of G on X is transitive; 
(ii) A is a finite field, A is isomorphic to Z, or to Z2[x]/(x2) or A is a finite 
local ring such that J2 = (0), J is a one-dimensional vector space over A/J and if 
gEG\(l+J) andxEX, then gx#xg. 
Proof. (i) = (ii). If X=0, then A is a division ring and hence is discrete by [7, 
Theorem lo]. As A is compact, A is finite and therefore a field by Wedderburn’s 
Theorem [5, Theorem, p. 431. If X# 0, then by Theorem 2.6, A is a finite local ring 
such that J* = (0) and J is a one-dimensional vector space over A/J. Hence if A is 
commutative, then J= (0,x) for some XEX. Furthermore, as IA/J1 = / J(, IAl =4. 
The Corollary to Theorem 2.5 yields immediately that A is isomorphic to Zz[x]/(x2) 
or Z,. 
Suppose that A is not commutative. If x, YE J, then (1 +y)x(l+ y))’ =x as 
J* = (0). So for all g E 1 + J, XE J, gx=xg. Thus there exists go in G \(l + J) and x 
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in X such that gox#xgo. By hypothesis, G(x) = J \ (0). Define Stab(x) for the con- 
jugate action by Stab(x) = {g E G: gxgg’ =x}. As A/J is a finite field, IA/J1 =p”’ 
for some prime p and some positive integer 111. As IJI = lA/Jl, IA! =p”” and 
;G 1 =P~~~~_~“‘. Now, IO(x)1 = lG/Stab(x)l by [5, Theorem 1.10, p. 741. Thus 
IStab =(p”‘‘-p”‘)/(p”‘- l)=p”‘. As 1 + J L Stab(x), Stab(x) = 1 + J for all x in 
X. Thus for any XEX, gEG\(l+J), gx#xg. 
(ii) = (i). Clearly, if A is isomorphic to Z, or to Z2[x]/(x2) or if A is a finite 
field, then A is compact for the discrete topology and the conjugate action of G on 
X is transitive. Suppose A is a finite local ring such that J* = (0), J is a one-dimen- 
sional vector space over A/J and for g E G \ (1 + J) and x E X, gx+xg. Then A is 
compact for the discrete topology. Moreover, if XE X, then as in the above, ICI = 
p”‘‘-p”‘, 1G(x)l=lG/Stab(x)l and l+JcStab(x). As gx#xg for gEG\(l+J), 
Stab(x) = 1 + J. Thus j O(x)1 =p”‘~ 1 and hence X= O(x). ‘1 
Theorem 2.8. Let A be a compact ring with identity such that the regular action or 
the conjugate action on X by G is transitive. The following statements are 
equivalent: 
(i) G is simple; 
(ii) A is a finite field f h o c aracteristic 2 such that 1 A 1 = 2”’ for some positive in- 
teger m and 2”‘~ 1 is prime or A is isomorphic to Z,, Zz[x]/(x2) or to Z,. 
Proof. (ii) implies (i) is obvious. Assume (i) holds. If X=0, then A\ (0) is a group 
under multiplication and so A is a division ring. By Corollary 2.1, A is discrete, and 
so finite. Thus A is a finite field. So IA / =p”’ for some prime p and some positive 
integer YH. If p is odd, then as G is simple, p = 3 and m = 1, that is, A is isomorphic 
to Z,. If p= 2, then as G is simple, 2”‘- 1 is prime. 
If X#0, by Theorems 2.4 and 2.6, A is a finite local ring, J’=(O) and IA/J) = 
1 J 1. As 1 + J is a normal subgroup of G and as X+0, G = 1 + J. As J’= (0), for any 
x in X, Gx= {x} and {gxg-‘: g E G} = (x}. Thus for either group action, if XE X, 
then O(x) = (x}. So J= { 0, x} for some x in A and j A/J I= 2. Thus A is a 4 element 
local ring with identity. Consequently, A is isomorphic to Z, or to Z2[x]/(x2). 
(The proof is the same as that used to establish Theorem 2.7.) LA 
Theorem 2.9. Let A be a compact ring with identity. For each x in X, define the 
stabilizer of x for the regular action by Stab(x) = (gE G: gx=x}. The following are 
equivalent: 
(i) For each x in X, Stab(x) is a trivial subgroup of G; 
(ii) A has no divisors of zero or A is isomorphic to r],,,, Zz for some index 
set A. 
Proof. Clearly (ii) implies (i). Suppose (i) holds. If A has a divisor of zero, then 
there exist x and y in X with xy= 0. We first show that J= (0). Indeed, if J#(O), 
then Jxf(0) since otherwise Stab(x) > 1 + J. But then 1 + Jx is a nontrivial subgroup 
of G and Stab(y) > 1 + Jx, a contradiction. So J= (0). Hence by [7, Theorem 16; 6, 
Theorem, p. 171; and 5, Theorem, p. 431, A is isomorphic to n,,,, A4, where each 
A4, is the set of n, x n, matrices over a finite field F,. As A contains divisors of 
zero, l/1 / r2 or A is isomorphic to the set of n x n matrices over a finite field F for 
some n 2 2. In the latter case, there exists x in X with x’ = 0. As (1 +x)( 1 -x) = 1, 
I +x E G \ { 1). So Stab(x) > { 1, 1 + x}, a contradiction. In the former case, the above 
argument yields that each M, is a finite field F,. If there exists an cy in /l such that 
1 F,1 #2, then the stabilizer of the element n,,,, xLj where x0= lg for p#cw and 
x0=0, contains the set ]Iat,, H where H/I = { l,,, p r for p# (x and H, = F;;“, the set of 
nonzero elements of F,, a contradiction. So A is isomorphic to fl,,,, Z,. 3 
3. Properties of A when G is finite or abelian 
We first observe that if A is a ring with identity and @ is the canonical homomor- 
phism of A onto A/J, then the group of units of A/J is the image under @ of the 
group of units of A. Indeed, if x, y EA are such that xy- 1, yx- 1 E J, then 
xy, yx~ 1 + J c G, i.e., x has both a right and a left inverse in A. Hence XE G. So 
each unit in A/J is the image of some element in G. The converse is obvious. 
Theorem 3.1. Let A be a compact ring with identity. 
(i) G is finite if and only if J is finite and there exists a nonnegative integer n 
and an index set A such that A/J is isomorphic to n:‘=, Mi x fl, E ,, Zz where for 
each i E [l, n], M, is the set of all n, x n, matrices over a finite field F,. 
(ii) If G is cyclic, then J is finite and there exists a nonnegative integer n and an 
index set A such that A/J is isomorphic to n:’ I F, x IICE,, Z2 where each F, is a 
finitefieldandfor i#j, ((F,(-l,(F,(-l)=l. 
(iii) X is finite if and only if A is finite. 
Proof. (i) If G is finite, then J is finite as 1 + J c G and by the previous observation, 
the group of units of A/J is finite. By [7, Theorem 16; 5, Theorem, p. 431; and 6, 
Theorem, p. 1711, A/J is isomorphic to n,,,, A, where each A, is the ring of 
n,xn, matrices over a finite field F,. As the group of units of A/J is finite, A, is 
isomorphic to Z, for all but finitely many (Y E /1. To prove the converse, we note 
that the group G’ of units of A/J is finite and by the previous observation, g E G 
if and only if g+ JE G’. 
Since J and G’ are finite, G is therefore finite. 
(ii) By Lemma 2.1, G is a compact topological group. Thus if G is cyclic, then 
G is finite [3, Lemma 5.28, p. 421. So the group G’of units of A/J is a finite cyclic 
group as G’= Q(G) where @ is the canonical homomorphism of A onto A/J. By (i), 
J is finite and A/J is isomorphic to ]I:‘=, M, x 11, Z, for some nonnegative integer 
n. As G’ is abelian, each M, is a finite field F, and since G’ is cyclic, for i#j, 
(141-1, IF,1 -l)=l. 
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(iii) If X is finite, then X is a closed subset of A. The proof of Theorem 2.2 estab- 
lishes that A is finite. 0 
For each subgroup H of G, define AH by AH= {xEA: gx=x for all g in H). 
Theorem 3.2. Let A be a compact ring with identity and let H = 1 + J. If AH = (0) 
or A” = A, then G is abelian if and only if A is commutative, 
Proof. Suppose G is abelian. If x, y E J, then (1 +x)( 1 + y) = (1 + y)( 1 + x); so xy = 
yx. Now, if J = (0), then A is isomorphic to a product of finite fields [7, Theorem 
16; 5, Theorem, p. 431; and 6, Theorem, p. 1711. Hence A is commutative. Suppose 
J+(O). Then there existsg in (l+J)\{l}. So g’fg. Hence AH = (0). Let a,bEA. 
Suppose x, y E J. Then axyb = a(x)( yb) = a( yb)x = a(y)(bx) = a(bx) y = abxy and 
so x(ab - ba) y = xaby - xbay = abyx - ayxb = abyx - axyb = abyx - abyx = 0. Thus 
J(ab - ba)J = (0). Since A” = (O), (ab - ba)J = (0). If ab - ba # 0, then 
J(ab - ba) # (0) since AH = {O}. But if g E G, x E J, then gx = xg. Indeed, 
let u = g +x E G. Then gx = g(u - g) = gu - g2 = ug - g2 = (~1 - g)g = xg. Thus 
(I+ J) J(ab - ba) = J(ab - ba)( I+ J) = J(ab - ba). Hence J(ab ~ ba) c AH = {O], a 
contradiction. So ab = ba for all a. b E A. 0 
Recall that a ring A is prime if whenever xAy= {O), x or y is 0. 
Corollary 1. Let A be a compact prime ring with identity. Then G is abelian if and 
only if A is an integral domain. 
Proof. A”={~EA:(~+J)~={~}}={xEA: Jx={O}j. If J=(O), then A”‘=.. If 
J#(O) and XEA~, then JAx= (0) and so x= 0. The corollary then follows from 
Theorem 3.2. 0 
Corollary 2. Let A be a compact prime ring with identity. Then A is a finite field 
if and only if G is a finite abelian group. 
Proof. If G is finite, then J is finite by Theorem 3.1. Hence by [6, Theorem, 
p. 4121, there exists a positive integer n such that J” = (0). Now, if G is abelian, 
then A/J is an integral domain. Indeed, if (x+ J)(y + J) = J, then (xy)” = 0 and 
hence x or y is zero by Corollary 1. Consequently, A/J is a finite field by Theorem 
3.1. Thus A is finite as well. So A is a finite integral domain and hence a field. 3 
Theorem 3.3. If A is a compact ring with identity such that G is finite, then the 
characteristic of A is nonzero. 
Proof. By Theorem 3.1, the characteristic of A/J is nonzero. Hence there exists a 
positive integer m such that r17- 1 EJ. By a previous argument, J’=(O) for some 
positive integer I. So char A ~0. 1 
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Theorem 3.4. Suppose A is a compact ring with identity such that the characteristic 
of A is odd. Then G is finite if and only if A is finite. 
Proof. If G is finite and the characteristic of A is odd, then A/J is isomorphic to 
fly,, A4; where each Mj is the ring of n, x nj matrices over a finite field F, of odd 
characteristic by Theorem 3.1. Thus A/J is finite. But J is finite as well. Con- 
sequently, A is a finite ring. 0 
Corollary. Let A be a compact ring with identity such that 2 is a unit in A. The fol- 
lo wing statements are equivalent : 
(i) G has a finite number of conjugate classes; 
(ii) There are a finite number of orbits in X by the conjugate action of G on X; 
(iii) A is a finite ring. 
Proof. If (i) holds, then as G is a compact topological group (Lemma 2.1), each 
conjugate class of G is a closed subset of G. Since G has a finite number of con- 
jugate classes, (l} is open in G. Thus G is a finite group. As 2 is a unit in A, 
Theorems 3.3 and 3.4 yield that A is a finite ring. Consequently, (i) and (iii) are 
equivalent. Obviously (iii) implies (ii). By the corollary to Theorem 2.2, (ii) implies 
(iii). 0 
Recall that an element a in A is quasi-regular if there exists b in A such that 
a + b + ab = a + b + ba = 0. If A has an identity, then a is a quasi-regular if and only 
if 1-t a is a unit in A. In particular, if A is a division ring, then every element a of 
A\ (-1) is quasi-regular. Moreover, a+J is quasi-regular in A/J if and only if a 
is quasi-regular in A since g +x is a unit in A for each g E G and x E J, and each unit 
in A/J is of the form g+J for some g in G. 
If A is compact and G is abelian, then A/J is isomorphic to n,,,, F, where each 
F, is a finite field by Theorem 3.1. For simplicity we assume that A/J=n,,,, F,. 
Let @ : A + A/J denote the canonical epimorphism and for each cr, let A, = 
@P’(nP,,, HD) where Ho= CO,]} for P#a and H, = F,. Let @, = @IA,,. Then 
Ker @, = {XE A,: proj,(@,(x)) =O,} where proj, is the projection of np,,, FP to F,. 
Therefore, Ker @, =J for each cr in /1. Note also that each A, is an ideal of A. If 
1, is the identity of F,, let 1, denote the identity of IllLEn HP, that is 1, = IID,,, xP 
where x~=O,, for /?#a and x,~= 1,. Observe that @;I({ l,}) is contained in the cen- 
ter of A, if and only if @;I({-7,)) is contained in the center of A,. 
Lemma 3.5. Let A be a ring with identity such that G is abelian. Zf x andy are quasi- 
regular elements of A, then xy = yx. Zn particular, the radical of A is commutative. 
Proof. As G is abelian, (1 +x)( I+ y) = (1 + y)( 1 + x). Hence xy = yx. Since each ele- 
ment of J is quasi-regular, J is commutative. EY 
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Lemma 3.6. Let A be a ring with identity such that G is abelian and A/J= Hat,, F, 
where each F, is a finite field. If @, ‘({iU}) is contained in the center of A,, then 
A, is commufative. Consequenrly, if @(;I’ ({ i,)) IS contained in the center of A, for 
each (x in A, then J is contained in rhe center of CUE,, A,. 
Proof. First observe that if B is any ring, I an ideal of B and XE I, then x is a quasi- 
regular element of the ring I if and only if x is a quasi-regular element of the ring 
B. Indeed,if bEBissuch that b+x+bx=b+x+xb=O, then bEIasZisanideal 
of B. In particular, by the preceding comments, if XEA,, then x is quasi-regular 
if and only if Q(x) is quasi-regular in A/J, that is, oCr(x) is quasi-regular in Ffl= 
lIDEd HD where Hc = {O,} for p # a and H, = F,. Thus for XEA,, x is quasi- 
regular if and only if proju(@,(x))t~ l,#O,. 
Now let x, YEA,. If x and y are quasi-regular, then xy=yx by Lemma 3.5. If x 
is not quasi-regular, then projCl(@Cz(x)) + 1, =O,, that is, XE Q,‘({ -7,)). Thus x is 
in the center of A, and so xy = yx. Similarly, if y is not quasi-regular, then yx = xy. 
The last statement of the lemma follows from the above and the observation that 
JcA, for each CXEA. 7 
Lemma 3.7. Let A be a ring with identity such that G is abelian and A/J= 
II ut,, F, where each F, is a.finife field. if @;‘({i,}) is contained in the center of 
A, for all CY in A, then CUE,, A, is cornniufalive. 
Proof. Let c-w,fi~A, a#/?and IetxEA,, YEA,,. By Lemma 3.6, it suffices to show 
that xy = yx. By Lemma 3.5, we may assume that not both x and y are quasi-regular. 
Without loss of generality, assume that x is not quasi-regular. Then proj,(@,(x)) = 
- 1,. As xy = yx if and only if (-x) y = y(-x), we may assume that proj,(@,(x)) = 
1,. Now xy and yx are in A,in A,) as A, and A,] are ideals of A. But for cr#p, 
A.nA,= J. So sy, yx~J. By Lemma 3.6, xy and yx are in the center of A, for 
each cr.. Hence x(xy) = (xy)x = x(yx) = (yx)x, that is, x’y = yx’. Moreover, as 
proj,(@,(x’-x))=O,, x2-XE J. So (x2-x)y=y(x’-x). Hence -xy=-yx, that 
is, xy =yx-. r_l 
Lemma 3.8. Let A be a ring with identity such lhaf G is abelian and A/J= 
II clt,, F, where each F, is a finite field. If 1 F, / 2 3 for some CY E A, then @; ’ (ii,}) 
is contained in the center of A,. 
Proof. Let U,E F,\ {O,, -1,). Then there exists w, in F, such that u, w,= 1,. If 
w,= -l,, then u, = -l,, a contradiction. So w, + lCz#O, and hence u, and w, are 
quasi-regular elements of F,. Let u = n,,,~, x where xD=OD for /3#cx and x,-u,. /I 
Let w=n DE ,, yLl where y0 = 0,) for p # (Y and y, = w,. Then II and w are quasi-regular 
elements of pa where p0 is defined as in Lemma 3.6. Let x, y, e E A, be such that 
k(x) = u, Q,(Y) = w and @&) =i,. Then proj,(@,(e - xy)) = 0,. So e - xy E Ker @, = 
J. As G(x) and Q(y) are quasi-regular elements of A/J, x and y are quasi-regular 
elements of A. 
The group of units in a compact ring 177 
Let aeA,. We will show that ae=ea. If a is quasi-regular, then a(e-xy)= 
(e - xy)a as e - xy is quasi-regular. Hence ae - axy = ea - xya. But x and y are quasi- 
regular as well and so axy =xya. Thus ae = ea. If a is not quasi-regular, then 
proj,(&(a)) = 1,. Thus a+eEKer@,=J. So a=-e+z for some ZEJ. By the 
above, as z is quasi-regular in A,, ze=ez. So ae=-e2+ze=-e2+ez=ea. Thus 
@;‘({i,}) is contained in the center of A,. 0 
Lemma 3.9. Let A be a ring with identity such that G is abelian and A/J= 
n uGn F, where each F, is afinite field. If @;‘({i,}) is contained in the center of 
A, for each CY E A, then A is commutative. 
Proof. We first show that CaE,, A, = A. Suppose that there exists x in A\ 
c aE,,, A,. Then there exists a neighborhood U of x such that Uf’ CccE,, A, is 
empty. As x@ CaE,, A,, proj,(@(x))#O, for infinitely many a~/l. Now, Q(U) is 
a neighborhood of C@(X) in A/J. As the topology on HaEn F, is the product 
topology, 0(u) 2 rIac,, U, where each U, is a neighborhood of proj,(@(x)) and 
U,=F, for all but finitely many CXE~. Let /1’= {a~/l: U,#F,}. Then UII 
c at,,,, A, is nonempty, a contradiction. Thus CaE,, A,=A. As the continuous 
mappings (x, y) + xy and (x, y) --t yx agree on EnEn A, by Lemma 3.7, they agree 
on A. Thus A is commutative. 0 
Theorem 3.10. Let A be a compact ring with identity such that 2 is a unit in A. Then 
G is abelian if and only if A is a commutative ring. 
Proof. If A is a compact ring with identity such that G is abelian, then A/J is iso- 
morphic to n,,,, F, where each F, is a finite field. Without loss of generality, we 
may assume that A/J=nutn F,. Since 2 is a unit in A, 2 + J is a unit in A/J. 
Hence char F,#2 for cr~/l. Thus IF,1 2 3 for each a~n. The theorem then fol- 
lows from Lemmas 3.7, 3.8 and 3.9. 0 
Corollary. If A is a compact ring with identity such that 2 is a unit in A and G is 
cyclic, then A is a finite commutative ring. 
Proof. As G is cyclic, G is abelian. Moreover, as in the proof of Theorem 3.1, G 
is finite. Thus by Theorems 3.3, 3.4 and 3.10, A is a finite commutative ring. 0 
Remark. If A = {(z,:): x, y,z~Z~}, then A is a compact ring under the discrete 
topology and G is abelian. However, A is not commutative. 
Theorem 3.11. Let A be a compact ring with identity such that 2 is a unit in A. Then 
G is finite if and only if A is finite. 
Proof. As 2 is a unit, the characteristic of A is odd. Hence the assertion follows 
from Theorem 3.4. q 
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We note that UP”=, Z, is an infinite ring, compact for the product topology when 
Z, is given the discrete topology, and the group of units of A is finite. 
4. Trivial conjugate action on X 
Lemma 4.1. Let A be a compact ring with identity. If the conjugate action on X 
by G is trivial, that is, if gx=xg for all x in X and g in G, then G is abelian. 
Proof. Suppose G is not abelian. Then there exist a and b in G such that I- 
aba-‘b-‘#O. Let XEX. Then (I-aba ‘b-‘)x=x-aba-‘(b--‘x)=x-ab(b-‘x)a-’= 
x- axa-’ =O. Thus XU{O}={~EA:(~-aba-‘b-‘)y=O}. Therefore, XU{O} is 
closed under addition and multiplication. Moreover, for all g in G, g(XU {0}) c XU 
{O}. So XU {O) is an ideal of A, that is, A is a local ring. Since A is a compact ring, 
A/J is therefore a finite field [7, Theorem 16; 5, Theorem, p. 431; and 6, Theorem 
p. 17 I]. Let g E G be such that g + J is the cyclic generator of the multiplicative group 
of A/J. Let (A/J)* denote A/J\{O}. Then G=(l+JJ)U(g+J)U...U(gX+J) 
where k-t1 is the order of g+J in (A/J)*. If x,y~J, then (l+x)y=y(l+x) as 
1 +XE G. So xy = yx for all x and y in J. Thus G is abelian. n 
Theorem 4.2. Let A be a compact ring with identity such that gxg- ’ =x for all x 
in X and g in G. Then A is a commutative ring. 
Proof. As G is abelian, we may assume that A/J=fl,,,,, F, where each F, is a 
finite field. Using the terminology in Section 3, it suffices to show that @,‘({ i,}) is 
contained in the center of A, for each Q in /l by Lemma 3.9. By our remarks pre- 
ceding Lemma 3.5, we need only show that @,‘((-i,}) is contained in the center 
of A,. 
Let a, b E A, be such that @,(a) = -1,. Then proj,(@,(a)) = -1,. As in the proof 
of Lemma 3.6, if xE A,, then x is quasi-regular if and only if proj,(@,(a)) # -1,. So 
a is not quasi-regular and hence 1 + a E XU (0). If b is quasi-regular, then 1 + b E G. 
So (1-t b)(l + a) = (1 + a)( 1 + 6) by hypothesis. Thus ba = ab. Suppose b is not quasi- 
regular. Then proj,(@,(b)) = -1,. Let e,EA, be such that Qn(e,) = -1,. Then 
proj,(@,(a ~ e,)) = 0, and so a-e, E Ker @, = J. Similarly, b - erx E J. Let x, y E J be 
such that o=e,+xand b=e,+y. Note that x+1, y+l~G and e,+lEXU{O} as 
ecr is not quasi-regular. So (x+ l)(e, + 1) = (e, + 1)(x+ 1) and consequently xee, = e,x. 
A similar argument establishes that ye,=e,y. By the above and Lemma 3.5, ab= 
e~+e,y+xe,+xy=e~+ye,+e,x+yx=ba. Hence A is a commutative ring. C: 
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